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Do Solar System experiments constrain scalar-tensor gravity?
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It is now established that, contrary to common belief, (electro-)vacuum Brans-Dicke gravity does
not reduce to general relativity for large values of the Brans-Dicke coupling ω. Since the essence
of experimental tests of scalar-tensor gravity consists of providing stringent lower bounds on ω, the
PPN formalism on which these tests are based could be in jeopardy. We show that, in the linearized
approximation used by the PPN formalism, the anomaly in the limit to general relativity disappears.
However, it survives to second (and higher) order and in strong gravity. This fact is relevant for
experiments aiming to test second order light deflection and Shapiro time delay.
Deviations from Einstein’s theory of gravity, Gen-
eral Relativity (GR), appear in virtually all attempts
to renormalize this theory or to introduce quantum cor-
rections to gravity [1]. In addition to these deviations
(in the form of extra fields, higher order terms in the
field equations, and non-minimal couplings to the curva-
ture), compelling motivation to investigate alternatives
to GR comes from the 1998 discovery that the current
expansion of the universe is accelerated. Within the
standard Λ-Cold-Dark-Matter (ΛCDM) model of cosmol-
ogy based on GR, one needs to introduce a completely
ad hoc dark energy with a very exotic equation of state
to explain the cosmic acceleration [2]. A popular alter-
native to dark energy consists of modifying gravity at
large scales. Many modifications of GR have been pro-
posed, the most studied being f(R) gravity [3]. This
is a class of theories in which the Einstein-Hilbert La-
grangian density R (the Ricci scalar of spacetime) is pro-
moted to a non-linear function f(R). It turns out [4]
that this class of theories reduces to a Brans-Dicke the-
ory with Brans-Dicke scalar φ = f ′(R), vanishing Brans-
Dicke coupling parameter ω, and the complicated po-
tential V (φ) = Rf ′(R) − f(R)
∣∣∣
R=R(φ)
(see Refs. [4] for
reviews).
Brans-Dicke theory, originally introduced in Ref. [5] to
account for Mach’s principle, has been generalized to the
wider class of scalar-tensor theories [6] described by the
action (we follow the notation of Ref. [7] and use units in
which Newton’s constant G and the speed of light c are
unity)
SST =
1
16pi
∫
d4x
√−g
[
φR − ω(φ)
φ
∇cφ∇cφ− V (φ)
]
+S(m) , (0.2)
where the Brans-Dicke scalar φ corresponds approx-
imately to the inverse of the gravitational coupling
strength Geff , ω is the Brans-Dicke coupling, and V (φ)
∗ vfaraoni@ubishops.ca
† jcote16@ubishops.ca
‡ agiusti@ubishops.ca
is a potential for φ, which gives a range to this field.
S(m) is the matter action. Besides containing the cosmo-
logically motivated class of f(R) theories, scalar-tensor
gravity, which adds only a (massive) scalar degree of free-
dom φ ≃ G−1eff to the massless spin two graviton of GR,
constitutes a minimal modification of GR and is the pro-
totype of the alternative theory of gravity [8]. The field
equations are [5, 6]
Rab − 1
2
gabR =
8pi
φ
T
(m)
ab
+
ω
φ2
(
∇aφ∇bφ− 1
2
gab∇cφ∇cφ
)
+
1
φ
(∇a∇bφ− gabφ)− V
2φ
gab , (0.3)
φ =
1
2ω + 3
(
8piT (m)
φ
+ φ
dV
dφ
− 2V − dω
dφ
∇cφ∇cφ
)
(0.4)
where Rab is the Ricci tensor and ∇a is the covariant
derivative of the spacetime metric gab, while T
(m) ≡
gcdT
(m)
cd is the trace of the matter energy-momentum ten-
sor T
(m)
ab = − 2√−g δS
(m)
δgab
.
In practice, Brans-Dicke theory with ω = const. ap-
proximates all scalar-tensor theories in experimental tests
of gravity [8]. It is clear that Brans-Dicke gravity re-
duces to GR if φ becomes constant, and the belief that
φ does so in the limit ω → ∞ is standard textbook
material (e.g., [9]). However, the asymptotics of φ in
this limit are important. While in most cases these
asymptotics are φ = φ∞ + O(1/ω), where φ∞ is a con-
stant [9], many analytic solutions of the Brans-Dicke field
equations have been discovered over the years for which
φ = φ∞ + O(1/
√
ω), which do not go over to the cor-
responding GR solutions with the same form of matter
[10, 11].1 Far from being limited to a few maverick so-
lutions, this problem has later been shown to affect the
1 Similar anomalies are occasionally reported for instances of
Brans-Dicke solutions with non-conformal matter [12–14].
2entire electrovacuum (i.e., T (m) = 0) theory [15] and a
formal explanation has been given for this “anomalous”
behaviour [15, 16].
Deviations from GR are well constrained experimen-
tally in the Solar System, where gravity is weak, and
to some extent also outside of it [8, 17]. Assuming the
Brans-Dicke field to be long-ranged, the best limits on
scalar-tensor gravity arise from the Cassini probe and
are |ω| > 40000 [18]. In general, experiments provide a
lower bound on |ω|, constraining this parameter to be
large (unless φ becomes so massive and short-ranged to
escape this limit, as in viable f(R) models [4]).
The Solar System experiments probe gravity in vacuo,
the situation in which the ω → ∞ limit is anomalous.
Therefore, how can experiments constraining the devia-
tions from GR in the field of the Sun and forcing |ω| to
be large, apply to a theory that does not reduce to GR
in this limit? Does the Parametrized Post-Newtonian
(PPN) approximation, which constitutes the basis for an-
alyzing these experiments [8], break down?
This question is crucially important for experimental
tests of scalar-tensor gravity, but it has not been posed in
the literature thus far. Here we provide an answer: the
exact (strong gravity) electrovacuum theory definitely
does not reduce to GR as ω →∞. In this limit, a (canon-
ical, minimally coupled) scalar field survives in the limit
of the field equations and acts as a matter source [19].
However, the PPN analysis is limited to the weak-field
expansion of these field equations and, in this regime,
the offending terms disappear from these equations, in
which the dominant terms introduced by the scalar de-
gree of freedom φ conform, instead, to the usual PPN
analysis. This simplification occurs only to first order in
the deviations of the metric and Brans-Dicke scalar from
the Minkowski background, and are bound to reappear to
second order and, of course, in any exact (strong gravity)
electrovacuum solution of the theory. This fact is of in-
terest for future experiments testing light deflection and
Shapiro time delay to second order [20].
Now to the technical details. If the gradient of the
scalar φ is timelike, one can rewrite the Brans-Dicke field
equations as the effective Einstein equations (0.3), where
all the terms containing φ and its derivatives are grouped
under the form of an effective fluid with effective stress-
energy tensor [21, 22]
T
(φ)
ab =
(
P (φ) + ρ(φ)
)
uaub + P
(φ)gab + q
(φ)
a ub + q
(φ)
b ua
= ρ(φ)uaub +Π
(φ)
ab + q
(φ)
a ub + q
(φ)
b ua , (0.5)
where ua ≡ (−∇cφ∇cφ)−1/2∇aφ is the fluid four-
velocity, ρ(φ), P (φ), q
(φ)
a are the effective energy density,
pressure, and (spacelike) heat flux density, respectively,
and Π
(φ)
ab = P
(φ)hab + pi
(φ)
ab contains the anisotropic
stresses pi
(φ)
ab and the isotropic pressure P
(φ) (here hab =
gab + uaub is the Riemannian metric on the 3-space or-
thogonal to uc) [21, 22]. This is necessarily an imperfect
fluid. Vacuum Brans-Dicke theory is invariant under the
1-parameter group of symmetry transformations [16]
gab → g¯ab = φ2α gab , (0.6)
φ→ φ¯ = φ1−2α , α 6= 1/2 , (0.7)
provided that ω and V (φ) are changed to2
ω¯(ω, α) =
ω + 6α(1− α)
(1 − 2α)2 , (0.8)
V¯ (φ¯) = φ¯
−4α
1−2αV
(
φ¯
1
1−2α
)
. (0.9)
The ω →∞ limit of Brans-Dicke theory now corresponds
to α → 1/2. This fact has been used to study the
anomaly of the ω → ∞ limit [16, 19, 23] and to gener-
ate new solutions of the field equations from known ones
[24]. Inverting the relation (0.8) between the parameters
ω¯ and α yields
α =
1
2
± 1
2
√
2ω + 3
2ω¯ + 3
, (0.10)
and α→ 1/2 as ω¯ →∞, which allows one to trade these
two limits. In (electro-)vacuo, this transformation con-
nects theories within an equivalence class and all that the
parameter change ω → ω¯ does is moving a Brans-Dicke
theory within this equivalence class [16, 23]. The same
can be said for the ω¯ →∞ limit, which is a transforma-
tion to larger and larger ω¯, does not break this restricted
conformal invariance, and cannot move the theory out-
side of the equivalence class. GR, which is not confor-
mally invariant, lies outside this equivalence class and
cannot be reproduced in this way.
In the α → 1/2 limit (corresponding to ω¯ → ∞) of
vacuum Brans-Dicke gravity, a minimally coupled scalar
field is left over, which spoils the GR limit.3 This result
is obtained by computing the transformation properties
of the effective fluid quantities under the symmetry (0.6),
2 Since α 6= 1/2, the conformal transformation (0.6) has nothing
to do with the one defining the familiar Einstein frame metric.
3 This scalar is further identified with the Einstein conformal frame
counterpart of the Brans-Dicke field φ [19], but this is immaterial
for our purposes.
3(0.7), obtaining [22]
T¯
(φ¯)
ab = T
(φ)
ab +
α
4piφ
[
(1 + α)
φ
∇aφ∇bφ
+
(α− 2)
2φ
∇eφ∇eφ gab − (∇a∇bφ− gabφ)
]
,
(0.11)
ρ¯(φ¯) = φ−2α
[
(1− 2α)ρ(φ) − α(3α+ ω)
8piφ2
∇eφ∇eφ
+
αV
8piφ
]
, (0.12)
q¯(φ¯)a = (1− 2α)φ−α q(φ)a , (0.13)
P¯ (φ¯) = φ−2α
[
(1− 2α)P (φ) + α (α− ω − 2)
8piφ2
∇eφ∇eφ
− αV
8piφ
]
, (0.14)
Π¯
(φ¯)
ab = (1− 2α)Π(φ)ab
+
α
8piφ
[
(α− ω − 2)
φ
∇eφ∇eφ− V
]
hab ,
(0.15)
p¯i
(φ¯)
ab = (1− 2α)pi(φ)ab . (0.16)
In the limit α → 1/2 (corresponding to ω¯ → ∞) the
imperfect fluid quantities, i.e., the heat flux q¯
(φ¯)
a and
the anisotropic stresses p¯i
(φ¯)
ab , which are proportional to
(1− 2α), vanish identically. However, there remain non-
vanishing contributions to the effective energy density
and pressure in the form of a standard or a phantom
(according to the sign of 2ω + 3) scalar field:
T¯
(φ¯)
ab → T¯ (∞)ab =
1
8pi
[
(2ω + 3)
2φ2
(
∇aφ∇bφ− 1
2
gab∇cφ∇cφ
)
−V (φ)
2φ
gab
]
, (0.17)
ρ¯(φ¯) → ρ¯(∞) =
1
φ
[
− (2ω + 3)
32piφ2
∇cφ∇cφ+ V
16piφ
]
, (0.18)
P¯ (φ¯) → P¯(∞) =
1
φ
[
− (2ω + 3)
32piφ2
∇cφ∇cφ− V
16piφ
]
. (0.19)
The PPN analysis for a massive Brans-Dicke field is
reported in Ref. [25] and it contains, as a special case,
the more well known analysis for a massless φ [8]. The
metric and scalar field are expanded as
gµν = ηµν + hµν , (0.20)
φ = φ0 + ϕ , (0.21)
where ηµν is the Minkowski metric and φ0 is a constant,
while hµν and ϕ are small perturbations. By introducing
h ≡ ηµνhµν and
θµν = hµν − 1
2
hηµν − ϕ
φ0
ηµν , (0.22)
assuming that V (φ0) = 0 with V
′(φ0) = 0, V ′′(φ0) > 0
for stability, and imposing the gauge ∂νθ
µν = 0, the field
equations become [25]
Rµν − 1
2
gµνR = −1
2
ηθµν +
ϕ,µν
φ0
− ηµν
φ0
ηϕ . (0.23)
Here η is the flat space d’Alembertian and the left hand
side is further expanded to first order in hµν , as in GR
[7, 8]. On the right hand side of Eq. (0.23), all sec-
ond order terms are dropped and they are the only ones
that contain the effective scalar field stress-energy ten-
sor which survives in the ω → ∞ limit, preventing the
full Brans-Dicke theory from reducing to GR in this limit
(cf. Eqs. (0.11)-(0.16)). As a conclusion, the PPN analy-
sis narrowly escapes the problem of the GR limit arising
in the full theory. It is clear, however, that this problem
will reappear as soon as second and higher order terms
are included in the weak-field expansion and, of course, in
the full strong gravity regime. To second order, the PPN
analysis of scalar-tensor gravity is in jeopardy. The diver-
gence between PPN predictions and the ω →∞ limit of
Brans-Dicke theory will then be relevant. In particular,
this divergence will become important in the experimen-
tal determination of light deflection by the gravitational
field of the Sun to second order in the PPN expansion
[20]. These deviations could be obtained, in principle,
with high precision astrometry, in testing strong gravity
effects with the Event Horizon Telescope [26] and, poten-
tially, in tests based on gravitational waves [27].
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